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INTRODUCTION 
 

The direct and inverse problems in geodesy are considered an important task for large number of geodesists. These problems 

concerns with geodesic lines and azimuths on the ellipsoid. Sjöberg at 2006, 2006a, 2006b and 2007 discussed many solutions for 

such problems for a geodesic via a power series of the ellipsoidal eccentricity. Although, another solution has been introduced by 

Heck 1987, Klotz 1991, Schmidt1999 and Schmidt 2006, there is no new due to that they still use series of the ellipsoidal 

eccentricity. An improved technique is discussed by Thomas and Featherstone at 2005 but the results were agreed with Vincenty's 

formulas 1975 in the range of geodesic length of 18000 km. 

 

In this research, from a given geodesic length, forward azimuth and geodetic coordinates of the first point, the direct solution 

gives geodetic coordinates of the second point and the backward azimuth without iteration.  

 

FORMULAE 

 

If S is the geodesic distance,  is the forward azimuth, ,  are the geodetic latitudes, ,  are the reduced latitudes,  is 

the backward azimuth, ,  are the longitudes of the two ends of line and Δθ is the central angle of geodesic distance at the 

centre of ellipsoid. The reference ellipsoid parameters a, b and e are the semi-major, semi-minor axes and eccentricity 

respectively. The formulae depend on the use of the equivalent spheroid of the reference ellipsoid. Figure (1) shows the geodesic 

line on ellipsoid and equivalent spheroid. 

 

The reduced latitude β is the angle at the centre of a spheroid tangent to the reference ellipsoid along the equator and the radius to 

the point intersected to the sphere by a straight line perpendicular to the plane of the equator.   

Abstract 

Direct and inverse problem for geodesic on a reference ellipsoid is commonly used for many geodetic applications. Direct 

problem formulas are used in order to find the geodetic coordinates of the second point of the geodesic line and backward 

azimuth if geodetic coordinates of the first point, the length of geodesic and forward azimuth are given. It has been common 

to use iteration in order to calculate such coordinates, however, in this paper; we introduce applicable formulas that do not 

need iteration in order to be calculated with moderate accuracy. The research formulas results have been compared with the 

corresponding results of Vincenty’s iterative formulas. The comparison showing agreements to within 0.0000004 km of 

geodesic length (or 4.0 mm) and 0,0001" of azimuth in the range of  4560 km. 
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The reduced latitude (β) given by: 

 β =  (b/a) tan φ 
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    (i) Ellipsoid     (ii) Spheroid 

              Figure (1): Ellipsoid and equivalent spheroid 

Parametric latitude  which is the latitude perpendicular on the geodesic can be calculated as follows: 

  cos = cos sin  = -cos sin       (1)                                                                                                                                                              

  sin  =sin  / sin                        (2)                                                                                                                

  = (S/b)- + - γ  +  

                   (3)                   

Where   

  2  = 2  +          (4)                                                                                                                      

  sin /  (  sin )}       (5)                                                                                             

  S’ = )                 (6) 

  )         (7) 

The geodetic latitude is calculated as: 

  sin  = cos sin  cos        (8)                                                                                                                     

And    tan =  tan          (9)                                                                                                                       

The back azimuth is calculated from the following equation:    

  sin  = (  sin ) /                        (10) 

The difference of longitude is obtained as follows: 

   
                                              (11) 

   =  +                                         (12)                                                                                                        
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For more accurate results parameters can be expanded.  

 

NUMERICAL TEST 

 

For checking the accuracy of the proposed formulas and its consistency check with other method tested for solving direct geodetic 

problem before, we performed a test. Table (1) contains ten GPS stations of a geodetic network selected for the required test. 

Vincenty’s formulas are also selected for comparing its results with our formulas results to judge on the accuracy of our formulas. 

The differences between the proposed formulas results and those from Vincenty’s formulas are listed in Table (2). 

 

Table (1): Selected Points with their Geodetic Coordinates 

 

Station Φ λ 

° ' " ° ' " 

ZOO 22 08 41.12054 36 43 13.85822 

Z04 24 26 15.03729 27 28 31.49535 

Z09 26 01 02.76559 34 19 16.33949 

Z10 25 57 20.06853 32 09 24.25427 

Z15 29 21 00.09509 34 46 20.60622 

Z16 29 21 00.09509 34 46 20.60622 

Z19 29 50 02.97004 30 36 04.07107 

Z22 31 26 16.24367 25 23 55.08191 

Z24 29 29 39.45264 27 10 06.52319 

Z29 22 02 39.31849 25 16 54.39147 
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Table (2): Differences between Our Results and the Ones from Vincenty’s Solution for the Direct Geodetic Problem (from the 

Origin of ZOO) 

 

Station S (km) α Δs (km) Δα (″) 

° ' " 

Z04 296.8308373 350 15 19.7654 0.0000001 0.0000 

Z09  4560.7395641 342 33 23.8765 0.0000003 0.0000 

Z10 421.1812933 338 34 31.4178 0.0000002 0.0001 

Z15 255.8765365 325 54 54.5972 0.0000004 0.0001 

Z16 165.8743212 334 32 45.9125 0.0000002 0.0001 

Z19 432.4532167 330 43 56.7531 0.0000000 0.0000 

Z22  190.000.0000 315 23 45.7686 0.0000000 0.0000 

Z24 342.6742198 321 52 48.3652 0.0000001 0.0000 

Z29 234.6754329 265 24 35.3683 0.0000002 0.0001 

 

CONCLUSION 

 

The above proposed formulas of this research solved the direct problem without iterations. These formulas calculations relate to 

the reference ellipsoid with the equivalent spheroid. For many purposes, it is needed to calculate the geodetic coordinates o f 

terminal points of geodesic and these formulas are easy to use avoiding iterations. The tests show that the results of our direct 

problem solution coincide with Vincenty’s method. The proposed method of this research is an independent method for checking 

Vincenty’s method and vice versa. Differences between the results of the research method and those obtained from Vincenty’s 

formulas for the direct geodetic problem did not exceed 0.0000004 km (4 mm) in geodesic length and 0.0001" in azimuth in range 

of 4960 km. These differences may be considered much smaller. 
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